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(i) D = a domain in C. (ii) B,(20) := {2z € C: |z — 2| < r}. (ili) Cr(20) := 0B:(20). (iv)
Hol(U) = {f : U — C holomorphic }. (v) Cont(U) = {f : U — C continuous }.
(vi) D = By(0).

(1) (10 marks) Let f € Hol(D) N Cont(D). Suppose that |f(z)]| is constant for all z € ID.
Prove that f must have a zero in D.

(2) (10 marks) Show that if f is a non-constant entire function, then f(C) is dense in C.

(3) (10 marks) Let {f,}n>1 € Hol(D) be a sequence of holomorphic functions which con-
verges uniformly on every compact subset of D. Show that the sequence of derivatives
{f! }n>1 also converges uniformly on every compact subset of D.

(4) (10 marks) Compute the radius of converges of the power series > >~ a,(z+2)" where
Z 2= Z an(z +2)",
n=0 n=0
for all z € D.

(5) (10 marks) Does there exist a function f € Hol(D) such that

for all n > 17

(6) (10 marks) Let m € N and zy € C. Suppose that f,g € Hol(B.(20)), g(z) # 0 and
f(z) = (2 — 29)™g(z) for all z € B.(z9). Compute

1 f'(2)

27 Jey ) f(2)

dz.

(7) (15 marks) Let u(x,y) = 2* — y* — 22y — 2x + 3y + 5, (z,y) € R% Prove that u is a
harmonic function and find a harmonic conjugate of u.

(8) (15 marks) Let {f,}n>1 € Hol(D) N Cont(D). If {f,}n>1 converges uniformly to a
function f on 9D, then prove that f can be extended to a function f on D which is
analytic on .

(9) (15 marks) Let f : D — C be a function. If f2, f3 € Hol(D), then prove that f is
analytic.



